Abstract. We introduce a notion of "quasi right-veering" for closed braids, which plays an analogous role to "right-veering" for abstract open books. We show that a transverse link K in a contact 3-manifold (M, ξ) is non-loose if and only if every braid representative of K with respect to every open book decomposition that supports (M, ξ) is quasi right-veering. We also show that several definitions for a "right-veering" closed braid are equivalent.
Introduction
The dichotomy between tight and overtwisted is fundamental to 3-dimensional contact topology and detecting tightness of a given contact structure often arises as an important problem.
In the classification of Legendrian and transverse links in contact 3-manifolds, non-loose vs. loose dichotomy plays a role similar to the tight vs. overtwisted dichotomy in the classification of contact structures. For example, overtwisted contact structures are classified by homotopy equivalence [7] , on the other hand loose null-homologous Legendrian (resp. transverse) links are coarsely classified by classical invariants called the Thurston-Bennequin number and the rotation number (resp. the self-linking number) [8, 10] . Here, 'coarse' means up to contactomorphism, smoothly isotopic to the identity.
Recall a result of Honda, Kazez and Matić [16] . In [16] , Honda, Kazez and Matić also define the fractional Dehn twist coefficient (FDTC ). The FDTC is an invariant of an open book decomposition and detects right-veering-ness of the monodromy. Hence the FDTC can be used to determine tight or overtwisted of the compatible contact structure [6, 17, 22] .
As a natural counterpart of right-veering mapping classes, right-veering closed braids (with respect to general open books) have been defined and studied in the literature [2, 3, 26] . As a counterpart of the FDTC, in [20] we naturally extend it to the FDTC for a closed braid L in an open book (S, φ) with respect to a boundary component C of S, denoted by c(φ, L, C) (see also Definition 2.3 
below). open book (S, φ)
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In [20] However, this is too optimistic: Note that any non-right-veering open book supports an overtwisted contact structure [16] , but not every non-right-veering closed braid is loose. A simple example of this fact is a non-right-veering closed braid in an open book decomposition of a tight contact 3-manifold.
In this paper, we find a condition on closed braids to be loose. In Definition 3.11 we introduce quasi-right-veering closed braids. After studying basic properties of quasi-right-veering braids we show that it is the quasi-right-veering condition on closed braids that plays the same role as the right-veering condition on open books in Theorem 1.1. Our first main result is the following: In Theorem 4.1 we allow the transverse link K to be empty. Our definition of quasi-right-veering implies that the empty braid with respect to an open book (S, φ) is quasi-right-veering if and only if φ is right-veering. Having a loose empty link can be interpreted as having an overtwisted underlying contact structure. Therefore, Theorem 1.1 follows as a corollary of Theorem 4.1.
In Sections 5 and 6 we present more results concerning non-loose links.
The invariant depth is a measurement of non-looseness introduced by Baker and Onaran [1] . In Theorem 5.2 we relate depth-one links and non-quasi-right-veering braids. Finally in Section 7 we address one subtle but important issue on right-veering closed braids. As mentioned above, a couple of different looking definitions of right-veering closed braids have been existing in the literature (cf. [2, 3, 26] ), which we call ∂-(∂ + P ), ∂-∂, and ∂-P right-veering (see Definition 7.2) . We show that they are essentially equivalent (though there are subtle differences).
Corollary 7.8. For ψ ∈ MCG(S, P ) the following are equivalent.
(1) ψ is ∂-(∂ + P ) right-veering.
(2) ψ is ∂-∂ right-veering. (3) ψ is ∂-P right-veering.
The fractional Dehn twist coefficients of closed braids and branched coverings
Let S S g,d be an oriented compact surface with genus g and d boundary components. Throughout the paper we assume d > 0. Let P = {p 1 , . . . , p n } be a (possibly empty) finite set of interior points of S. Let MCG(S, P ) (denoted by MCG(S) if P is empty) be the mapping class group of the punctured surface S \ P , which is the group of isotopy classes of orientation preserving homeomorphisms of the surface S fixing ∂S pointwise and fixing P set-wise. For the entire section, by abuse of notation, φ may be often used for a homeomorphism representing the mapping class φ ∈ MCG(S, P ). Denote the fractional Dehn twist coefficient (FDTC ) [16] with respect a boundary component C by c(−, C) : MCG(S, P ) → Q.
2.1. The FDTC of a braid. In this subsection, we review the definition of the FDTC for a closed braid that is originally defined in [20] , then prove some well-definedness result in Proposition 2.4.
Let (S, φ) be an abstract open book supporting an oriented closed contact 3-manifold (M, ξ) ∼ = (M (S,φ) , ξ (S,φ) ). The pages are parametrized by t ∈ [0, 1] and the page S t and S are identified under the following diffeomorphism and projection map p:
Suppose that ϕ ∈ Diff + (S, ∂S) be a diffeomorphism representing φ ∈ MCG(S). We may choose a collar neighborhood ν(∂S) of the boundary ∂S on which ϕ = id.
Let L be a possibly empty closed n-braid with respect to the open book (S, φ). Suppose that the n intersection points L ∩ S 0 are contained in ν(∂S) under the projection p.
Cutting the 3-manifold M along the page S 0 , the closed braid L gives rise to an n-braid denoted by β L ⊂ S × [0, 1] joining P × {0} and P × {1}. We regard β L as an element of the n-stranded surface braid group B n (S).
Since ϕ| ν(∂S) = id and P ⊂ ν(∂S) we have ϕ| P = id and we may view ϕ as an element of Diff + (S, P, ∂S). In order to distinguish ϕ in Diff + (S, ∂S) and ϕ in Diff + (S, P, ∂S), we denote the latter by j(ϕ). j : Diff
Note that if P ⊂ ν(∂S) then ϕ(P ) = P in general, and the homomorphism j cannot be defined. The map j induces a homomorphism:
Recall the generalized Birman exact sequence [13, Theorem 9.1]
where i is the push map and f is the forgetful map. Since f • j * = id MCG(S) the exact sequence splits.
and call it the distinguished monodromy of the closed braid L.
We have
In practice, we tend to identify two braids (say, L and L ) if they are braid isotopic, and often call the isotopy class simply a braid, which is sometimes confusing. The distinguished monodromy φ L ∈ MCG(S, P ) is defined for the individual braid representative L satisfying L ∩ S 0 ⊂ ν(∂S). The following Proposition 2.2 shows the relation between φ L and φ L .
. When P = P the isomorphism γ * is an inner automorphism of MCG(S, P ).
Proof. Cutting M (S,φ) along the page S 0 , we get n-braids β L and β L ⊂ S × [0, 1]. Since L and L are braid isotopic we have
connecting γ(0) = P × {0} and γ(1) = P × {1}, where
and the product in (2.3) is concatenation of braids. Note that γ φ (0) = γ(0) = P × {0} and
We may regard the n-braid γ as an isotopy {γ t : P → S | t ∈ [0, 1]} of ordered n distinct points such that γ 0 (P ) = P and γ 1 (P ) = P . We naturally extend {γ t } to an isotopy { γ t : S → S | t ∈ [0, 1]} of the surface so that
• γ t is isotopic to id S for all t ∈ [0, 1] if we forget the marked points in S.
Therefore, γ 1 : (S, P ) → (S, P ) is a homeomorphism and it gives rise to an isomorphism:
Let j * : MCG(S) → MCG(S, P ) denote the homomorphism constructed in the same way as j * : MCG(S) → MCG(S, P ) and replacing P with P . Let i : B n (S) → MCG(S, P ) be the push map in the Birman exact sequence where P is replaced with P . By (2.3) the we obtain:
Definition 2.3. We define the fractional Dehn twist coefficient (FDTC) of L with respect to C as the FDTC of the distinguished monodromy φ L with respect to C and denote it by c(φ, L, C).
for any ψ ∈ MCG(S, P ). In fact a stronger result holds.
for every boundary component C.
Proof. This is a corollary of Proposition 2.2. By the properties of the isotopy { γ t } in the proof of Proposition 2.2, the following diagram commutes:
As a remark, when P = P the isomorphism γ * is an inner automorphism of MCG(S, P ) and the commutativity implies invariance of the FDTC under conjugation.
If a braid L is empty we set P = ∅ and define the distinguished monodromy φ L := φ. Hence the FDTC of the empty closed braid is equal to the FDTC of the monodromy of the open book.
In practice, when we consider c(φ, L, C) it is often convenient, as done in [20] , to take P = p(L ∩ S 0 ) so that P is contained in a collar neighborhood of just C rather than ∂S.
Branched coverings and the FDTC.
In this subsection, we study the behavior of the FDCT c(φ, L, C) under a covering of open books branched along a braid, then give applications to contact geometry and geometry.
Given a contact 3-manifold (M, ξ) with a transverse link L ⊂ (M, ξ) and a covering π : M → M branched along L, there exists a contact structure ξ on M unique up to isotopy such that π * ( ξ) is isotopic to ξ through contact structures. See [24, Section 2] for a construction of ξ and its uniqueness. We call the contact 3-manifold ( M , ξ) the contact branched covering of (M, ξ) branched along L. ). Let L be a closed n-braid with respect to (S, φ) and P := p(L ∩ S 0 ) ⊂ S. Let π : S → S be a branched covering of S branched at the n points P . Suppose that S is connected. Put P := π −1 (P ) and we may denote π : ( S, P ) → (S, P ) by abusing the notation. We say that an open book ( S, φ) is a branched covering of (S, φ) along the closed braid L if there exists ψ ∈ MCG( S, P ) such that f (ψ) = φ (the map f is the forgetful map in the Birman exact sequence (2.1)) and
where φ L is the distinguished monodromy introduced in Definition 2.1.
The branched covering π : ( S, P ) → (S, P ) induces a covering π :
We note that Casey [5, Definition 2.6. [27] Recall that the branched covering π : ( S, P ) → (S, P ) is fully ramified if for every branch point p ∈ P there exists a disk neighborhood N containing p such that the restriction π| N : N → π( N ) is a non trivial branched covering with the single branch point.
A typical example of fully ramified branched covering is a quotient map π : S → S/G for a properly discontinuous action of a group G on S. The action of G on S further induces an action
The following proposition shows that the FDTC behaves nicely under a fully ramified branched covering map.
Proposition 2.7. Assume that the above branched covering π : ( S, P ) → (S, P ) is fully ramified and χ( S) < 0. For a boundary component C of S let C be a connected component of the preimage
Proof. We first prove the case where φ L ∈ MCG(S, P ) is pseudo-Anosov. The definition of the FDTC [16] , in terms of stable foliations instead of laminations, states that c(φ, C) for a pseudoAnosov mapping class φ counts how much a pseudo-Anosov homeomorphism representing φ twists the singular leaves of the stable foliation F near the boundary component C.
The restriction π := π| S\ P : S \ P → S \ P gives an honest covering map. Let F ⊂ S \ P be a stable foliation of φ L ∈ MCG(S, P ). Then It remains to show that c(ψ, C) = c( φ, C). Every puncture point p ∈ P is a singularity of the foliation F. Suppose that F has k prongs at p where k ≥ 1 and k = 2. Then each preimage p ∈ π −1 (p) is a kd-prong singularity of F for some d ≥ 1. The fully ramified assumption on π further imposes that d > 1. This implies that p is not a 1-prong singularity of F and we can fill the puncture points P to get a singular foliation F on S which is a stable foliation for φ ∈ MCG( S). By the definition of the FDTC, c(ψ, C) = c( φ, C).
Next, suppose that φ L ∈ MCG(S, P ) is periodic. There exists N ∈ Z such that φ N L is freely isotopic to id (S,P ) . This means that there exist M ∈ Z and T ∈ MCG(S, P ) which is a product of Dehn twists about boundary components of ∂S \ C such that
Here, '≈' means freely isotopic.
Suppose that the covering π :
Taking the Dth power we get
In the upstair of the covering, this yields
for some product T of Dehn twists about boundary components of ∂S \ C.
Since χ(S) < 0 the space S is not an annulus; thus, for any two distinct boundary components C 1 , C 2 of S the images f (T C1 ) and f (T C2 ) under the forgetful map f in the Birman exact sequence (2.1) are distinct elements of MCG( S). (cf. Remark 2.8 below.) Abusing the notation, we may denote f (T C ) by T C . With this observation, filling the puncture points of P we obtain
As for the FDTC, equation ( Corollary 2.9. Let ( S, φ) be a fully ramified branched open book covering of (S, φ) branched along L. If χ(S) < 0 and c(φ, L, C) < 0 for some boundary component C then ( S, φ) supports an overtwisted contact structure.
Proof. By Proposition 2.7 we have c( φ, C) < 0 for every connected component C of the preimage of C. This means that φ is not right-veering. Hence Theorem 1.1 implies that ( S, φ) supports an overtwisted contact structure.
In general, taking a branched covering does not preserve the geometric structure. For example, a branched cover of S 3 along a hyperbolic link is not necessarily hyperbolic. In the following corollary we give a sufficient condition on the FDTC that the geometric structure to be preserved under taking a fully ramified branched cover.
Corollary 2.10. Let ( S, φ) be a fully ramified branched covering of (S, φ) branched along a closed braid L with χ( S) < 0. Assume that |c(φ, L, C)| > 4d(π, C) for every boundary component C ⊂ ∂S and connected component
\ L is Seifert-fibered (resp. toroidal, hyperbolic) if and only if φ L is periodic (resp. reducible, pseudo-Anosov). Since φ is a lift of φ L , the branch covering is fully ramified, and χ( S) < 0, the map φ is periodic (resp. reducible, pseudo-Anosov).
With [20, Theorem 8.3] we conclude that M ( S, φ) is Seifert-fibered (resp. toroidal, hyperbolic).
Quasi-right-veering maps
In this section we introduce a partial ordering " right " and quasi-right-veering braids, then we compare right-veering and quasi-right-veering. We use the same notations in the previous section.
3.1. Strongly right-veering partial ordering " right ". For each boundary component C of S, we choose a base point * C ∈ C. Let A C (S, P ) be the set of isotopy classes of properly embedded arcs γ : [0, 1] → S \ P satisfying γ(0) = * C . Here, by isotopy we mean isotopy fixing the end points of the arc. We do not allow γ ∈ A C (S; P ) to have γ(1) ∈ P but we allow γ(1) ∈ (C \ { * C }).
Abusing the notation, an element γ ∈ A C (S, P ) often means an actual arc [0, 1] → S representing γ and we may call an element of A C (S, P ) simply an arc.
We say that two arcs α and β intersect efficiently if they attain the minimal geometric intersection number among all the arcs isotopic to them. Definition 3.1 (Right-veering total ordering ≺ right ). Let α, β ∈ A C (S, P ) be arcs intersecting efficiently. We denote α ≺ right β and say that β lies on the right side of α if the arc β lies on the right side of α in a small neighborhood of the base point * C .
In [16] and [20] , where the set P is empty, the symbol '' >" is used in the place of "≺ right ".
The order "≺ right " is a total ordering. For any family of arcs {α i } ⊂ A C (S, P ) we can always put them in a position simultaneously so that α i and α j intersect efficiently for any pairs (i, j). This can be done, for example, by choosing a hyperbolic metric on S \ P and realizing the arcs as geodesics.
Naturally extending the notion of right-veering in [16] we define the following, cf. [3, p.949]: Definition 3.2 (Right-veering).
• We say that ψ ∈ MCG(S, P ) is right-veering with respect to the boundary component C if α ≺ right ψ(α) or α = ψ(α) for every α ∈ A C (S, P ). Since ≺ right is a total ordering on the set A C (S, P ), ψ ∈ M CG(S, P ) is right-veering if and only if ψ(α) ≺ right α for every α ∈ A C (S, P ).
right-veering with respect to C if φ L ∈ MCG(S, P ) is right-veering with respect to C. Remark 3.4. In [2, 26] , a slightly different definition of "right-veering" is used. See Section 7 for the relationship between these two superficially different notions of right-veering.
We will define another ordering " right " which plays a central role in this paper.
Definition 3.5 (Strongly right-veering partial ordering right ). For two arcs α, β ∈ A C (S, P ), we define α right β if there exists a sequence of arcs α 0 , . . . , α k ∈ A C (S; P ) such that
By the definition it is easy to see that right is a partial ordering, i.e., α right β and β right γ imply α right γ. If the puncture set P is empty, then by [16, Lemma 5 .2] the ordering right coincides with ≺ right . On the other hand, when P is non-empty right is not a total ordering and there is difference between ≺ right and right . To see the difference we use the following notion. Definition 3.6 (Boundary right P -bigon). Let α, β ∈ A C (S, P ) with α ≺ right β. Assume that there exist subarcs δ α ⊂ α and δ β ⊂ β such that
which lies on the right side of α (i.e., the orientation of δ α , as a subarc of α, disagrees with the orientation of ∂D) and • D contains some of the marked points of P .
We call such a bigon D a boundary right P -bigon from α to β.
A boundary right P -bigon gives an obstruction for α right β: Proposition 3.7. Let α, β ∈ A C (S, P ) be arcs with α ≺ right β. If there is a boundary right P -bigon from α to β then α right β.
Proof. If there is a boundary right P -bigon D from α to β then every arc γ ∈ A C (S; P ) that satisfies α ≺ right γ ≺ right β must intersect D and yields either a boundary right P -bigon from α to γ or from γ to β (see Figure 2 (a) ). Thus for any sequence of arcs α = γ 0 ≺ right γ 1 ≺ right · · · ≺ right γ n = β for some i there exists a boundary right P -bigon from γ i to γ i+1 , which means Int(γ i ) and Int(γ i+1 ) cannot be disjoint. As a corollary, we observe that conditions α ≺ right β and β right γ may not imply α right γ in general. (Also α right β and β ≺ right γ may not imply α right γ.) For example, the arcs depicted in Figure 2 (b) satisfy α ≺ right β and β right γ but by Proposition 3.7 α right γ.
We conjecture the converse of Proposition 3.7:
Conjecture 3.8. α right β if and only if α ≺ right β and there exist no boundary right P -bigons from α to β.
The next lemma easily follows from the definition of right .
Proof. Since α right β, there is a sequence of arcs α = γ 0 ≺ right γ 1 ≺ right · · · ≺ right γ n = β in A C (S, P ) with Int(γ i ) ∩ Int(γ i+1 ) = ∅ for all i. This implies that γ i and γ i+1 do not even cobound marked bigons. Therefore, Int(f (γ i )) ∩ Int(f (γ i+1 )) = ∅ and we can conclude
Remark. The converse of the lemma does not hold in general, even if we assume α ≺ right β. See Figure 2 (c).
The next proposition gives a sufficient condition for α right β. Proposition 3.10. Let α, β ∈ A C (S,
3.2.
Quasi-right-veering vs. right-veering. Now we introduce quasi right-veering mapping classes and quasi right-veering closed braids. Proof. Recall the homeomorphism γ 1 : (S, P ) → (S, P ) and the isomorphism γ * : MCG(S, P ) → MCG(S, P ) in the proof of Proposition 2.4. Note that γ 1 naturally induces a bijection
Using the maps γ * and γ * the statement of the proposition follows.
If L is empty then by identifying φ L = φ, the empty closed braid is quasi right-veering if and only if the monodromy φ is right-veering.
We note that the definitions of "right-veering" and "quasi right-veering" are independent of a choice of the distinguished point * C . Proof. Assume that ψ ∈ MCG(S, P ) is not quasi right-veering with respect to some boundary component C of S. Then there exists an arc α ∈ A C (S, P ) such that ψ(α) right α. By Lemma 3.
It is proved in [16, Section 3] that the right-veeringness of φ ∈ MCG(S) is almost equivalent to positivity of its FDTC. We say "almost" because the statement is slightly complicated when the FDTC = 0 for non-pseudo Anosov case . If φ ∈ MCG(S) is pseudo Anosov, φ is right-veering with respect to a boundary component C if and only if c(φ, C) > 0. We remark that parallel statements on positivity and right-veering-ness hold for elements ψ ∈ MCG(S,
The next proposition shows significant difference between quasi right-veering and right-veering. In particular, quasi right-veering is much less related to positivity of the FDTC. Proof. Fix a boundary component C of S. Take a collar neighborhood ν(C) of C so that φ = id on ν(C). We identify ν(C) with the annulus A = {z ∈ C | 1 ≤ |z| ≤ 2} so that the boundary component C is identified with {z ∈ C | |z| = 1}. We put
is given by (see Figure 3 - (1))
Thus, the 1st strand of β C,k winds k times around C counterclockwise and the 2nd strand winds k times clockwise. Let L C,k be the closed braid in the open book (S, φ) obtained by closing the braid β C,k .
(1) (2) 
Since j * (φ) = id on ν(C) we have c(L, φ, C) = −k.
For any γ ∈ A C (S; P ) the factor (
−k of φ L forces to form a boundary right P -bigon from φ L (γ) to γ. See Figure 3-(2) . Thus by Proposition 3.7 φ L (γ) right γ for any γ ∈ A C (S; P ), which means L C,k is quasi right-veering with respect to C. This proves (1).
Next we prove (2). Let {C 1 , . . . , C d } be the set of boundary components of S. For each component C i we take a closed braid L Ci,k given in the proof of (1), and let L = Proof. We use the same notations in Proposition 3.14. Let χ = (
C T C and ψ = i(β C,1 ). Both χ and ψ are quasi right-veering but χψ = (T C ) −1 is not quasi rightveering. Proof. As usual, we put L so that P = p(L ∩ S 0 ) is contained in a collar neighborhood ν(∂S) of ∂S. We may assume that φ| ν(∂S) = id. Let C be a boundary component of S. Let ν (C) ⊂ ν(C) be a sub-collar neighborhood of C that does not contain (or intersect) P . See Figure 4 .
Choose points q and q in ν (C). Let γ 1 ⊂ S be an arc that connects one of the puncture points in P and the point q. Let γ 2 ⊂ ν (C) be an arc that connects q and q ∈ ν (C) and satisfying the following.
(1) The interiors of γ 1 and γ 2 intersect exactly at one point in ν (C). We name it r.
(2) Let γ 1 ⊂ γ 1 and γ 2 ⊂ γ 2 be the sub-arcs connecting r and q. Then the simple closed curve γ 1 ∪ γ 2 is homotopic to C in S \ (P ∪ {q }). 
, where H γi is the positive half twist about the arc γ i . Since φ L = id on ν (C) and every essential arc in A C (S, P ∪ {q, q }) intersects either γ 1 or γ 2 , the monodromy φ L is right-veering with respect to C.
Applying this operation for every boundary component we get a right-veering closed braid that is transversely isotopic to the original braid L.
Proof of Theorem 4.1
We now prove our main theorem: 
Proof of Theorem 4.1. (⇒) First we show that non-quasi-right-veering braid is loose. Assume that a transverse link K can be represented by a non-quasi-right-veering closed L with respect to an open book (S, φ). That is, there exist a boundary component C ⊂ ∂S and an arc α ∈ A C (S, P ) such that there is a sequence of arcs
We explicitly construct a transverse overtwisted disk D trans in M \ L by giving its movie presentation. A similar construction can be found in [19] . Here, a transverse overtwisted disk (see [18, Definition 4.1] for the precise definition) is a disk admitting a certain type of open book foliation and is bounded by a transverse push-off of a usual overtwisted disk.
For i = 0, . . . , k denote the endpoint α i (1) ∈ ∂S of the arc α i by w i . Slightly moving w i along ∂S, if necessary, we may assume that all the points w 0 , . . . , w k−1 are distinct and still satisfying Int(α i ) ∩ Int(α i+1 ) = ∅. Since φ L (α) = α we get w 0 = w k . Fix a sufficiently small ε > 0. The movie presentation of D trans on the page S 0 consists of (k − 1) a-arcs emanating from w 1 , . . . , w k−1 and a b-arc that is a copy of α 0 joining w 0 and * C . For t ∈ [0, 1 k+1 ) the movie presentation on the page S t is the same as S 0 .
The movie presentation on the page S 1 k+1 contains one hyperbolic point, h 1 , whose describing arc joining α 0 and the a-arc from w 1 is a parallel copy of α 1 in S 1 k+1 −ε . Since Int(α 0 ) ∩ Int(α 1 ) = ∅ the interior of the describing arc is disjoint from all the a-arcs and the b-arc in the page S 1 k+1 −ε . Since α 0 ≺ right α 1 the normal vectors of D trans point out of the describing arc, thus by [22, Observation 2.5] the sign of the hyperbolic point h 1 is positive. The movie presentation on the page S 1 k+1 +ε consists of one b-arc which is a copy of α 1 connecting w 1 and * C and (k − 1) a-arcs emanating from w 0 , w 2 , . . . , w k−1 . We inductively apply the above procedure. Let j = 1, . . . , k. The above paragraph describes j = 1 case.
On the page S j k+1 (j > 1) we put a positive hyperbolic point h j whose describing arc is a parallel copy of α j . As a consequence the page S j k+1 +ε has one b-arc which is a copy of α j connecting w j and * C and (k − 1) a-arcs emanating from w i for i = 1, . . . , j − 1, j + 1, . . . , k − 1.
On the page S 1 the movie presentation consists of one b-arc which is a copy of α k = α and (k − 1) a-arcs emanating from w 0 , . . . , w k−1 . Since φ L (α) = α 0 the slices D trans ∩ S 1 and D trans ∩ S 0 of D trans can be identified under the distinguished monodromy φ L . In other words the movie presentation gives rise to an embedded surface in M \ L. The construction tells us that the surface is topologically a disk, and moreover it is a transverse overtwisted disk (see [19] ). ) and for every properly embedded arc γ ∈ S \ P , at least one of the following holds: 
Depth of transverse links
Theorem 4.1 can be used to study the depth that measurs non-looseness of transverse links. The depth is introduced by Baker and Onaran in [1] .
Let F be an oriented surface in an oriented 3-manifold M and K ⊂ M be an oriented link that transversely intersects F . We denote the number of intersection points of K and F by #(K ∩ F ), which is not necessarily realizing the geometric intersection number. We also denote the number of positive and negative intersection points of K and F by #
Assuming that (M, ξ) is overtwisted, we see that K is loose if and only if d(K) = 0.
First we show that the depth of K is equal to the minimal number of the negative intersection points of K with a transverse overtwisted disk ([18, Definition 4.1]). The same result is proved in [23] for the case when K is the binding of an open book.
Theorem 5.1. Let (S, φ) be an open book supporting a contact 3-manifold (M, ξ). Let K be a transverse link in (M, ξ). We have:
Proof. We denote by d trans (K) the quantity in the right hand side of (5.1). We first show that
Let D trans and K 0 be transverse overtwisted disk and transverse link which attain Let G ++ (F ξ (D trans )) (resp. G −− (F ξ (D trans ))) be the Giroux graph [15, Page 646] consisting of the positive (resp. negative) elliptic points and the stable (resp. unstable) separatrices of positive (resp. negative) hyperbolic points. By the assumption (a), these graphs are identified with the corresponding graph G ++ and G −− in the open book foliation F ob (D trans ) see [18, Definition 2.17] for the definitions).
Take small neighborhoods N + , N − ⊂ D trans of the graphs G ++ (F ξ (D trans ) ) and G −− (F ξ (D trans ) ), repsectively. By transverse isotopy we move K 0 without introducing new intersection points with D trans so that:
We apply Giroux elimination lemma [14, Lemma 3.3] to remove all the positive elliptic and positive hyperbolic points of F ξ (D trans ) (see Figure 7) . Call the resulting disk D . By (a) and the definition of a transverse overtwisted disk, the characteristic foliation F ξ (D ) has a unique negative elliptic point enclosed by a circle leaf. We can find a usual overtwisted disc D ⊂ D . Since the Giroux elimination is supported on N + ∪ N − , the condition (b) implies that this process does not produce new intersections, i.e., Therefore each positive intersection of K 0 and the overtwisted disk D can be removed by a suitable transverse isotopy. That is, there exists a link K 1 that is transversely isotopic to
Take a slightly larger disc, D , which contains D in its interior and is bounded by a positive transverse push-off of the Legendrian unknot ∂D so that Inside the neighborhood of the binding we make ∂D ∪ K braided with respect to the open book using [4] . We call the resulting link and disk K and D , respectively. It is possible that new positive intersection points of D and K may be created if a component of K is transversely isotopic to a binding component. However no new negative intersection points will be introduced.
Fixing ∂D and K and following the proof of [20, Theorem 3.3] we perturb D so that the resulting disk, D , admits an essential open book foliation. This process can be done without introducing new intersection points with
Since the Bennequin-Eliashberg inequality does not hold
we can apply the proof of [18, Theorem 4.3] to D and obtain a transverse overtwisted disc, D trans . By the nature of this construction we have
where a strict inequality '>' in (5.2) may hold only when a component of K is transversely isotopic to a binding component. Summing up, we have
The following theorem characterizes depth-one links containing the binding. We view the image p(b t ) as an element of A C (S, P ) where P = p(L ∩ S 0 ) is a set of punctures given by the intersection of the braid L and the page S 0 .
Let S t1 , . . . , S t k (0 < t 1 < · · · < t k < 1) be the singular pages of the open book foliation F ob (D trans ) and ε > 0 be a sufficiently small number such that S ti is the only singular page in the interval (t i − ε, t i + ε). Since D trans is a transverse overtwisted disk with one negative elliptic point, by the definition of a transverse overtwisted disk [18, Definition 4.1] , all the hyperbolic points of F ob (D trans ) are positive. This shows that π(b ti−ε ) ≺ right π(b ti+ε ) with Int(π(b ti−ε )) ∩ Int(π(b ti+ε )) = ∅ for all i = 1, . . . , k (see Figure 8 (ii), or consult Observation 2.5 of [22] ). Let us put γ i := π(b ti+ε ) = π(b ti+1−ε ) ∈ A C (S; P ). Then the sequence of arcs satisfies On the other hand, if the FDTC is very positive then there is some similarity between nonempty braid case and empty braid case. In [22, Corollary 1.2] it is proved that a planar open book (S, φ) with c(φ, C) > 1 for every boundary component C supports a tight contact structure. We may regard this as a special case (L = ∅) of the following theorem. Proof. By (2.2) the distinguished monodromy φ L ∈ MCG(S, P ) gives
Recall the forgetful map f : MCG(S, P ) → MCG(S) in the Birman exact sequence (2.1). Note that f (φ L ) = φ ∈ MCG(S). In the following argument, we may use the open book (S, P, φ L ) instead of (S, φ). 
Comparison of proposed definitions of right-veeringness
In this section we discuss a comparison of several proposed definitions of right-veering for the mapping class group of punctured surfaces. Definition 7.1. We say that an arc γ : [0, 1] → S is ∂-P (resp. ∂-∂) arc if the following are all satisfied:
(1) γ(0) ∈ ∂S and γ is transverse to ∂S at γ(0). (2) γ(t) ∈ Int(S) \ P for t ∈ (0, 1). (3) γ(1) ∈ P (resp. γ(1) ∈ ∂S and γ is transverse to ∂S at γ(1)). (4) Int(γ) is embedded in S \ P and not boundary-parallel.
For a boundary component C of S, we say that a ∂-P or ∂-∂ arc is based on C if γ(0) ∈ C.
As natural generalizations of the right-veering property for MCG(S) to MCG(S, P ) there are three candidates. We say that ψ ∈ MCG(S, P ) is ∂-(∂ + P ), ∂-∂, or, ∂-P right-veering, respectively, if ψ is ∂-(∂ + P ), ∂-∂, or, ∂-P right-veering, respectively, with respect to every boundary component of S.
The ∂-∂ right-veering appears in [3] . It is easy to see that our Definition 3.2 of right-veering is equivalent to the ∂-∂ right-veering. Recall that in Definition 3.2 we only consider ∂-∂ arcs starting from the distinguished base point * C ∈ C. This restriction is just to define the orderings ≺ right and right on A C (S; P ).
On the other hand, in [2, 26] the notion of ∂-P right-veering is used to study the classical braid group MCG(D 2 , P ).
It is asked in [2, Remark 3.3] whether these two superficially different notions of "right-veering" are equivalent or not. One can immediately see that these notions (2) and (3) of "right-veering with respect to C" are in general not exactly the same. Example 7.3. Assume that S has more than one boundary component with marked points P = ∅. Let C and C be distinct boundary components. Clearly T −1 C ∈ MCG(S, P ) is not ∂-∂ right-veering with respect to C. On the other hand T
−1
C preserves all ∂-P arcs based on C. This means that T −1 C is ∂-P right-veering with respect to C. More generally we have the following. Let ψ ∈ MCG(S, P ) be a ∂-P right-veering map with respect to C. Suppose that ψ(γ) = γ for some ∂-∂ arc γ connecting distinct C and C . Then T −1 C ψ is still ∂-P right-veering with respect to C, but is not ∂-∂ right-veering with respect to
It turns out that the difference between ∂-∂ right-veering and ∂-P right-veering only shows up when ψ ∈ MCG(S, P ) involves negative Dehn twists along boundary components like in Example 7.3. Definition 7.4. We say that ψ ∈ MCG(S, P ) is special with respect to C if the following two conditions are satisfied.
• ψ is not ∂-∂ right-veering with respect to C.
• If a ∂-∂ arc γ that is based on C and ending at C has ψ(γ) ≺ right γ then C = C and ψ(γ) = T −n C (γ) for some n > 0.
That is, a special map ψ is not ∂-∂ right-veering with respect to C only because of negative Dehn twists about some other boundary component C .
Theorem 7.5. Let ψ ∈ MCG(S, P ).
(1) If ψ is ∂-∂ right-veering with respect to C, then ψ is ∂-P right-veering with respect to C.
(2) If ψ is ∂-P right-veering with respect to C then either • ψ is ∂-∂ right-veering with respect to C, or,
• ψ is special with respect to C.
Proof. We prove both (1) and (2) by showing the contrapositives.
First we prove (1) . Assume that there is a ∂-P arc γ based on C with ψ(γ) ≺ right γ. Let κ be a properly embedded arc which is the boundary of a regular neighborhood of γ in S. Then we see that κ is a ∂-∂ arc with ψ(κ) ≺ right κ.
To see (2) , assume that ψ is not ∂-∂ right-veering with respect to C and is not special with respect to C. Then there exists a ∂-∂ arc γ based on C such that ψ(γ) ≺ right γ. We put ψ(γ) and γ so that they intersect efficiently. Our goal is to show that there exits a ∂-P arc κ based on C with κ(0) = γ(0) and ψ(γ) ≺ right κ ≺ right γ. This shows ψ(κ) ≺ right ψ(γ) ≺ right κ; hence, ψ cannot be ∂-P right-veering with respect to C.
If #(γ, ψ(γ)) = m > 0, we put Int(γ) ∩ Int(ψ(γ)) = {p 1 , . . . , p m } = {q 1 , . . . , q m }, where p i = γ(t i ) with 0 < t 1 < t 2 < · · · < t m < 1 and q i = (ψ(γ))(s i ) with 0 < s 1 < s 2 < · · · < s m < 1. If #(γ, ψ(γ)) = m = 0 we put t 1 = s 1 = 1 and p 1 = q 1 = γ(1).
then δ is an oriented simple closed curve in S \ P . Here * denotes concatenation of paths read from left to right, and (−) −1 means the arc with reversed orientation. If δ is separating, we denote by R the connected component of S \ (δ ∪ P ) that lies on the left side of δ with respect to the orientation of δ. If δ is non-separating let R := S \ (δ ∪ P ). Definition 7.6. We say that the arc γ is bad if the following two properties are satisfied:
• R is an annulus (possibly a pinched annulus if m = 0) with no punctures. (In particular, δ is separating.) • The sign of the intersection of γ and ψ(γ) (in this order) at q 1 is positive.
Assume that γ is bad. Let C = ∂R \ δ. Note that C is a boundary component of S. Since γ and ψ(γ) intersect efficiently and δ is separating, we can see that ψ(γ) cannot exit out of the annulus R and C = C . See Figure 9 . Therefore we have: Since we assume that ψ is not ∂-∂ right-veering with respect to C and is not special with respect to C, Claim 7.7 implies that γ is not bad.
Knowing that γ is not bad, we consider two cases to construct κ: Case 1: R is an annulus with punctures or a non-annulus surface with or without punctures.
The sign of the intersection of γ and ψ(γ) at q 1 can be either positive or negative. Take an arc γ in S \ (P ∪ γ ∪ δ) which connects q 1 and some puncture point and efficiently intersects ψ(γ)| [s1,1] .
Case 1A: There exists such an arc γ which lies on the left side of γ near q 1 .
In this case, define κ := γ| [0,t k ] * γ .
Case 1B: No such arc can exist on the left side of γ near q 1 , so γ lies on the right side of γ near q 1 .
If R contains punctures then let κ ⊂ R be an arc connecting γ(0) and one of the punctures in R and satisfying ψ(γ) ≺ right κ ≺ right γ and Int(κ) ∩ δ = ∅. (We do not use γ here.)
Now we may assume that R is a non-annular surface with no punctures. We can take an arc γ in R \ (R ∩ γ ) such that:
• γ (0) = γ (1) = γ(0).
• ψ(γ) ≺ right γ ≺ right γ.
• Int(γ ) ∩ δ = ∅.
• γ is not parallel to δ.
• γ and γ efficiently intersect.
Let q := γ (u) = γ(t) ∈ γ ∩ γ be the intersection point such that γ | (0,u) is disjoint from γ. If Int(γ ) ∩ Int(γ) = ∅ then we take q := γ (1) = γ(0). Namely, u = 1 and t = 0. Define: Case 2: R is an annulus with no punctures, and the sign of the intersection of γ and ψ(γ) at q 1 is negative.
Let k ( = k) be the number satisfying q 2 = p k .
Case 2A: k < k. Case 2B: k < k .
Let γ be an arc in S \ (P ∪ γ ∪ ψ(γ)| [0,s2] ) that connects γ(0) and a puncture point. In the second case in order to make κ embedded it turns along C. As a consequence of Theorem 7.5, the three notions of right-veering with respect to all the boundary components, which is a condition closely related to tight contact structures, are equivalent. In particular, if S has connected boundary then the three notions are equivalent.
Therefore in the case of B n = MCG(D 2 , {n points}) the proposed definitions of right-veering in [3] and [2, 26] are the same. Also, we remark that the subtle difference between ∂-P rightveering with respect to C and ∂-∂ right-veering with respect to C (existence of a special mapping class ψ) only occurs when c(ψ, C) = 0. Remark 7.9. One may come up with still different candidates of right-veering. Instead of using embedded arcs, one may use immersed arcs. However, one can check that immersed ∂-(∂ + P ) (resp. ∂-∂, ∂-P ) right-veering with respect to C is equivalent to the (embedded) ∂-(∂ + P ) (resp. ∂-∂, ∂-P ) right-veering with respect to C.
